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ON REALIZATION OF SOME TWISTED TOROIDAL LIE
ALGEBRAS
NAIHUAN JING, CHAD R. MANGUMAND KAILASH C. MISRA
Abstract. Toroidal Lie algebras are generalizations of affine Lie
algebras. In 1990, Moody, Rao and Yokonuma gave a presenta-
tion for untwisted toroidal Lie algebras. In this paper we give a
presentation for the twisted toroidal Lie algebras of type A and D
constructed by Fu and Jiang.
1. Introduction
Since the seventies, infinite dimensional Kac-Moody Lie algebras
[K] have had numerous applications in mathematics and physics,
mostly thanks to their subclass of affine Lie algebras gˆ. Affine Lie
algebras consist of two types: the untwisted and twisted ones. Every
automorphism σ of the finite dimensional simple Lie algebra g gives
rise to a “twisted” affine Lie algebra gˆσ, which is a genuinely twisted
affine Lie algebra if and only if σ is a Dynkin diagram automorphism
of g.
In connection with resonance models in physics, Frenkel [F] has
constructed loop Kac-Moody Lie algebras using vertex operators
[FLM]. Double affine Lie algebras are special examples of such ex-
tended new algebras beyond affine Lie algebras. The n-toroidal Lie
algebras are the universal central extensions of the n-loop algebras
[BK] based on a finite dimensional simple Lie algebra, which have
since found new applications in geometry and physics [S, NSW].
As a generalization of the untwisted affine Lie algebras gˆ, Moody,
Rao and Yokonuma [MRY] have given a loop algebra realization of
the 2-toroidal Lie algebras T(g) with generators and relations. The
MRY realization has led to new constructions of the toroidal Lie
algebras using vertex operators [FM, T1, T2], other similar techniques
used in the affine Lie algebras [L, JMT], and restricted modules and
1991Mathematics Subject Classification. Primary: 17B67.
Key words and phrases. Lie algebras, toroidal Lie algebras, Dynkin diagram
automorphisms.
Jing acknowledges the support of Simons Foundation and NNSF of China, and
Misra acknowledges the support of Simons Foundation.
1
2 NAIHUAN JING, CHAD R. MANGUMAND KAILASH C. MISRA
simple modules for extended affine Lie algebras [BB, G]. Moreover,
new realizations of the 2-toroidal Lie algebras of ADE types in a new
form of the McKay correspondence [FJW] were also based upon the
MRY realization.
Similar to twisted affineLie algebras, Fu and Jiang [FJ] have consid-
ered twisted n-toroidal Lie algebras in an abstract setting and studied
their integrable modules. In [EM] vertex representations of general
toroidal Lie algebras and Virasoro-toroidal Lie algebras have been
constructed.
In this paper, we give an MRY-like presentation to the Fu-Jiang
twisted 2-toroidal Lie algebras. In recognition of the similarity be-
tween the MRY presentation and Drinfeld realization [D] for quan-
tum affine algebras, we have determined fixed-point subalgebras
under a Dynkin diagram automorphism for the toroidal Lie algebras
in the A2n+1,Dn+1,D4 types and therefore the fixed-point subalgebras
are also realized as central extensions of certain twisted 2-toroidal Lie
algebras using field-like generators. This shows that these twisted
toroidal Lie algebras also enjoy the similar property as twisted affine
Lie algebras.
2. Twisted Toroidal Lie Algebras
Let g be the finite dimensional simple Lie algebra A2n−1, (n ≥ 3),
Dn+1, (n ≥ 2), or D4 over the field of complex numbers C. We denote
the Chevalley generators of g by {e′
i
, f ′
i
, h′
i
| 1 ≤ i ≤ N} where N =
2n − 1, n + 1, 4, respectively. Then h′ = span{h′
i
| 1 ≤ i ≤ N} is the
Cartan subalgebra of g. Let {α′
i
| 1 ≤ i ≤ N} ⊂ h′∗ denote the simple
roots and ∆ be the set of roots for g. Note that α′
j
(h′
i
) = a′
i j
where
A′ = (a′
i j
)N
i, j=1
is the Cartan matrix associated with g. Let ( | ) be the
nondegenerate symmetric invariant bilinear form on g defined by
(x|y) = tr(xy), 1
2
tr(xy), 1
2
tr(xy) for all x, y ∈ g. Then (h′
i
|h′
i
) = 2, 1 ≤
i ≤ N. Since the Lie algebra g is simply-laced, we can identify the
invariant form on h′ to that on the dual space h′∗ and normalize the
inner product by (α|α) = 2, α ∈ ∆.
Let Γ denote the Dynkin diagram for g and σ be the following
Dynkin diagram automorphism of order r = 2, 2, 3 respectively:
σ(h′i) = h
′
N−i+1, i = 1, · · · ,N, for type A2n−1
σ(h′i) = h
′
i , i = 1, · · · , n − 1 = N − 2; σ(h′n) = h′n+1, for type Dn+1
σ(h′1, h
′
2, h
′
3, h
′
4) = (h
′
3, h
′
2, h
′
4, h
′
1) for type D4.
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Then the Lie algebra g is decomposed as a Z/rZ-graded Lie alge-
bra:
g = g0 ⊕ · · · ⊕ gr−1,
where gi = {x ∈ g|σ(x) = ωix} and ω = e2π
√
−1/r. It is well-known that
the subalgebra g0 is the simple Lie algebra of types Cn, Bn and G2
respectively. Let I = {1, 2, · · · , n} for g = A2n−1,Dn+1 and I = {1, 2} for
g = D4. The Chevalley generators {ei, fi, hi | i ∈ I} of g0 are given by:
ei = e
′
i , fi = f
′
i , hi = h
′
i , if σ(i) = i;
ei =
r−1∑
j=0
e′
σ j(i)
, fi =
r−1∑
j=0
f ′
σ j(i)
, hi =
r−1∑
j=0
h′
σ j(i)
, if σ(i) , i.
The Cartan subalgebra of g0 is h0 = span{hi | i ∈ I} and the simple
roots {αi | i ∈ I} ⊂ h∗0 are given by:
αi =
1
r
r−1∑
s=0
α′σs(i).
Then we have
(2.1) (αi|α j) = diai j, for all i, j ∈ I
where A = (ai j)i, j∈I is the Cartan matrix for g0 and (d1, · · · , dn) =
(1/2, · · · , 1/2, 1), (1, · · · , 1, 1/2), or (1/3, 1), for g = A2n−1,Dn+1 orD4 re-
spectively. Then correspondingly r = 2, 2 and 3. Note thatA = (ai j)i, j∈I
is given as follows:
aii = 2, i ∈ I
ai,i+1 = ai+1,i = −1, g0 , G2
a12 = −3, a21 = −1, g0 = G2
an−1,n = −2, an,n−1 = −1, g0 = Cn
an−1,n = −1, an,n−1 = −2, g0 = Bn
ai j = 0, otherwise.
Recall that
θ =

α′
1
+ · · · + α′2n−2 + α′2n−1, for A2n−1,
α′
1
+ 2α′2 + · · · + 2α′n−1 + α′n + α′n+1, for Dn+1,
α′
1
+ 2α′2 + α
′
3 + α
′
4
, for D4,
is the highest root in g. Let f ′0 denote the θ-root vector, e
′
0 denote
the (−θ)-root vector such that [h′0, e′0] = 2e′0, [h′0, f ′0] = −2 f ′0 where
h′0 = [e
′
0, f
′
0].
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Let A = C[s, s−1, t, t−1] be the ring of Laurent polynomials in the
commuting variables s, t and L(g) = g⊗CA be the multi-loop algebra
with the Lie bracket given by:
[x ⊗ s jtm, y ⊗ sktl] = [x, y] ⊗ s j+ktm+l,
for all x, y ∈ g, j, k,m, l ∈ Z. For j ∈ Z we define 0 ≤ j¯ < r such
that j ≡ j¯ mod r. For all j ∈ Z we define g j = g j¯. We extend the
automorphism σ of g to an automorphism σ¯ of L(g) by defining:
σ¯(x ⊗ s jtm) = ω− jσ(x) ⊗ s jtm
where x ∈ g, j,m ∈ Z. We denote the σ¯ fixed points of L(g) by L(g, σ).
Note that the subalgebra L(g, σ) has the Z-gradation:
L(g, σ) = ⊕ j∈ZL(g, σ) j,
where L(g, σ) j = g j ⊗A j,A j = spanC{s jtm | m ∈ Z} = s jC[t, t−1].
Set F = A ⊗ A. Then F is a two sided A-module via the action
a(b1 ⊗ b2) = ab1 ⊗ b2 = (b1 ⊗ b2)a for all a, b1, b2 ∈ A. Let G be the
A-submodule of F generated by {1 ⊗ ab− a⊗ b− b⊗ a | a, b ∈ A}. The
A- quotient module ΩA = F/G is called the A - module of Ka¨hler
differentials. The canonical quotient map d : A −→ ΩA given by
da = (1 ⊗ a) + G, a ∈ A is the differential map. Let − : ΩA −→
ΩA/dA = K ′ be the canonical linear map. Since d(ab) = 0, we have
a(db) = −(da)b = −b(da) for all a, b ∈ A. Then K ′ = spanC{bda | a, b ∈
A}. Set K = spanC{bda | a ∈ Ak, b ∈ Al, k + l ≡ 0(modr)} which is a
subalgebra ofK ′. Wenote that {s j−1tmds, s jt−1dt, s−1ds | j ∈ Z,m ∈ Z,0}
is a basis for K and the following relations are easy to check.
(2.2) sℓdsk = δk,−ℓks−1ds, sℓt−1d(skt) = δk,−ℓks−1ds + sk+ℓt−1dt.
Let
T(g) = L(g, σ) ⊕K ,
with the Lie bracket given by
[x ⊗ a, y ⊗ b] = [x, y] ⊗ ab + (x|y)bda, [T(g),K] = 0,
where x ∈ gi, y ∈ g j, a ∈ Ai, b ∈ A j for i, j ∈ Z. Using [BK, Proposi-
tion 2.2], it is shown [FJ, Theorem 2.1] that T(g), with the canonical
projection map η : T(g) → L(g, σ), is the universal central extension
of L(g, σ). T(g) is called the twisted toroidal Lie algebra of type g.
The algebra T′(g) = L(g) ⊕ K ′ is called the untwisted toroidal Lie
algebra of type g. Let A˜′ = (a′
i j
)N
i, j=0
be the affine Cartan matrix of the
untwisted affine Lie algebra g(1). In [MRY], Moody, Rao and Yokon-
uma (MRY) gave a presentation of untwisted toroidal Lie algebra
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T′(g) analogous to the Drinfeld realization [D] of affine Lie algebras
as follows.
Let t′(g) be the algebra generated by {6 c, a′
i
(k),X(±a′
i
, k) | 0 ≤ i ≤
N, k ∈ Z} satisfying the relations:
(2.3)

[6 c, a′
i
(k)] = [6 c,X(±a′
i
, k)] = 0
[a′
i
(k), a′
j
(m)] = (α′
i
|α′
j
)δk,−mk 6 c
[a′
i
(k),X(±a′
j
,m)] = ±(α′
i
|α′
j
)X(±a′
j
,m + k)
[X(a′i ,m),X(−a′j, k)] = −δi j
a′i (m + k) + 2mδm,−k(α′
i
|α′
j
)
6 c

[X(±a′
i
,m),X(±a′
i
, k)] = 0(
adX(±a′
i
,m)
)1−a′
i j
X(±a′
j
, k) = 0, for i , j,
where i, j ∈ {0, 1, · · · ,N} and k,m ∈ Z.
Let z,w, z1, z2, ... be formal variables. Wedefine formal power series
with coefficients from the toroidal Lie algebra t′(g):
a′i(z) =
∑
n∈Z
a′i (n)z
−n−1, X(±a′i , z) =
∑
n∈Z
X(±a′i , n)z−n−1,
for i = 0, 1, · · · ,N. We will use the delta function
δ(z − w) =
∑
n∈Z
wnz−n−1
Using
1
z − w =
∞∑
n=0
z−n−1wn, |z| > |w|, we have the following useful
expansions:
δ(z − w) = ιz,w((z −w)−1) + ιw,z((w − z)−1),
∂wδ(z − w) = ιz,w((z −w)−2) − ιw,z((w − z)−2),
where ιz,w means the expansion at the region |z| > |w|. For simplicity
in the following we will drop ιz,w if it is clear from the context.
Now we can write the relations in (2.3) in terms of power series as
follows:
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(2.4)
[6 c, a′
i
(z)] = [6 c,X(±a′
i
, z)] = 0
[a′
i
(z), a′
j
(w)] = (α′
i
|α′
j
)∂wδ(z − w) 6 c
[a′
i
(z),X(±a′
j
,w)] = ±(α′
i
|α′
j
)X(±a′
j
,w)δ(z −w)
[X(a′
i
, z),X(−a′
j
,w)] = −δi j 2(αi|α j)
(
a′
i
(z)δ(z − w) + ∂wδ(z − w) 6 c
)
[X(±a′
i
, z),X(±a′
i
,w)] = 0
adX(±a′
i
, z2)X(a′j, z1) = 0, if a
′
i j
= 0, i , j
adX(±a′
i
, z3)adX(±a′i , z2)X(a′j, z1) = 0, if a′i j = −1, i , j
adX(±a′
i
, z4)adX(±a′i , z3)adX(±a′i , z2)X(a′j, z1) = 0, if a′i j = −2, i , j,
where i, j ∈ {0, 1, · · · ,N}.
Define the map π : t′(g) −→ L(g) by:

6 c 7→ 0,
a′
j
(k) 7→ h′
j
⊗ sk,
X(a′0, k) 7→ e′0 ⊗ skt,
X(−a′0, k) 7→ − f ′0 ⊗ skt−1,
X(a′
i
, k) 7→ e′
i
⊗ sk,
X(−a′
i
, k) 7→ − f ′
i
⊗ sk,
for 0 ≤ j ≤ N, 1 ≤ i ≤ N.
The following theorem shows that t′(g) gives a realization of the
untwisted toroidal Lie algebra T′(g).
Theorem 2.1. ([MRY, Proposition 3.5]): The map π is a surjective homo-
morphism, the kernel of π is contained in the center Z(t′(g)) and (t′(g), π)
is the universal central extension of L(g).
3. MRY presentation of T(g)
In this section we give an MRY type presentation for the twisted
toroidal Lie algebra T(g) which is the main result in this paper. For
g = A2n−1, r = 2, 1 ≤ i ≤ n − 1 we define:
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(3.1)

a0(k) = a
′
0(k) for k ∈ 2Z,
ai(k) = a
′
i
(k) + (−1)kσ(a′
i
)(k) for k ∈ Z,
an(k) = 2a
′
n(k) for k ∈ 2Z,
X(±a0, k) = X(±a′0, k) for k ∈ 2Z,
X(±ai, k) = X(±a′i , k) + (−1)kX(±σ(a′i ), k) for k ∈ Z, and
X(±an, k) = 2X(±a′n, k) for k ∈ 2Z.
For g = Dn+1, r = 2, 1 ≤ i ≤ n − 1 we define:
(3.2)

a0(k) = a
′
0(k) for k ∈ 2Z,
ai(k) = 2a
′
i
(k) for k ∈ 2Z,
an(k) = a
′
n(k) + (−1)ka′n+1(k) for k ∈ Z,
X(±a0, k) = X(±a′0, k) for k ∈ 2Z,
X(±ai, k) = 2X(±a′i , k) for k ∈ 2Z,
X(±an, k) = X(±a′n, k) + (−1)kX(±a′n+1, k) for k ∈ Z.
For g = D4, r = 3 we define:
(3.3)

a0(k) = a
′
0(k) for k ∈ 3Z
a1(k) = a
′
1
(k) + ω−ka′3(k) + ω
−2ka′
4
(k) for k ∈ Z
a2(k) = 3a
′
2(k) for k ∈ 3Z
X(±a0, k) = X(±a′0, k) for k ∈ 3Z
X(±a1, k) = X(±a′1, k) +ω−kX(±a′3, k)
+ω−2kX(±a′
4
, k), for k ∈ Z
X(±a2, k) = 3X(±a′2, k) for k ∈ 3Z.
Denote I˜ = I ∪ {0} and extend the Cartan matrix A = (ai j)i, j∈I to
A˜ = (ai j)i, j∈I˜ by defining a00 = 2, a01 = −1 = a10 for g = A2n−1, a02 =
−1 = a20 for g = Dn+1 or D4, and a0 j = 0 = a j0 otherwise.
Let t(g) be the subalgebraof t′(g) generatedby {6 c, a0(2k), ai(k), an(2k),
X(±a0, 2k),X(±ai, k),X(±an, 2k) | 1 ≤ i ≤ n − 1, k ∈ Z}, {6 c, a0(2k), ai(2k),
an(k),X(±a0, 2k),X(±ai, 2k),X(±an, k) | 1 ≤ i ≤ n − 1, k ∈ Z}, and
{6 c, a0(3k), a1(k), a2(3k),X(±a0, 3k),X(±a1, k),X(±a2, 3k) | k ∈ Z} for g =
A2n−1,Dn+1 and D4 respectively. Then using the untwisted relations
(2.3) we obtain the following relations among the generators of t(g)
(with 6 c being central). Below we assume k, ki, l ∈ Z, 2Z or 3Z de-
pending on the generators of t(g) as above.
(1) [a0(k), a0(l)] = a00kδk,−l 6 c
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(2) [a0(k), a j(l)] = ra0 jkδk,−l 6 c
where 1 ≤ j ≤ n.
(3) [ai(k), a j(l)] =

rai jkδk,−ℓ 6 c (A2n−1)
r2ai jkδk,−ℓ 6 c (Dn+1)
rai jδk,0modrkδk,−ℓ 6 c (D4)
where 1 ≤ i ≤ j ≤ n and (i, j) , (n − 1, n), (n, n).
(4) [an−1(k), an(l)] =
{
ran−1,nkδk,−ℓ 6 c (A2n−1,D4)
r2an−1,nkδk,−ℓ 6 c (Dn+1)
(5) [an(k), an(l)] =
{
r2annkδk,−ℓ 6 c (A2n−1,D4)
rannkδk,−ℓ 6 c (Dn+1)
(6) [a0(k),X(±a j, l)] = ±a0 jX(±a j, k + l)
where 0 ≤ j ≤ n.
(7) [ai(k),X(±a0, l)] =
{±rδk,0modrai0X(±a0, k + l) (A2n−1,Dn+1)
±rai0X(±a0, k + l) (D4)
where 1 ≤ i ≤ n.
(8) [ai(k),X(±a j, l)] =
{±ai jX(±a j, k + l) (A2n−1,D4)
±rai jX(±a j, k + l) (Dn+1)
where 1 ≤ i, j ≤ n and (i, j) , (n − 1, n), (n, n − 1), (n, n).
(9) [an−1(k),X(±an, l)] =
{±δk,0modran−1,nX(±an, k + l) (A2n−1,D4)
±ran−1,nX(±an, k + l) (Dn+1)
(10) [an(k),X(±an−1, l)] =
{±ran,n−1X(±an−1, k + l) (A2n−1,D4)
±δk,0modran,n−1X(±an−1, k + l) (Dn+1)
(11) [an(k),X(±an, l)] =
{±rannX(±an, k + l) (A2n−1,D4)
±annX(±an, k + l) (Dn+1)
(12) [X(±ai, k),X(±ai, l)] = 0
where 0 ≤ i ≤ n.
(13) [X(ai, k),X(−a j, l)] =

−δi, j
{
ai(k + l)(1 + δi,n)
+kδk,−ℓ(1 + (1 − δi,0) + 2δi,n) 6 c
}
(A2n−1)
−δi, j
{
ai(k + l)
(
1 + (1 − δi,0 − δi,n)
)
+kδk,−ℓ
(
4 − 3δi,0 − 2δi,n
)
6 c
}
(Dn+1)
−δi, j
{
ai(k + l)(1 + 2δi,2)
+kδk,−ℓ(1 + 2δi,1 + 8δi,2) 6 c
}
(D4)
where 0 ≤ i, j ≤ n
(14) adX(±ap, k2)X(±am, k1) = 0 for 0 ≤ p , m ≤ n and apm = 0
(15) adX(±ap, k3)adX(±ap, k2)X(±am, k1) = 0 for 0 ≤ p , m ≤ n and
apm = −1
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(16) adX(±ap, k4)adX(±ap, k3)adX(±ap, k2)X(±am, k1) = 0 for 0 ≤ p ,
m ≤ n and apm = −2
(17) adX(±ap, k5)adX(±ap, k4)adX(±ap, k3)adX(±ap, k2)X(±am, k1) = 0
for 0 ≤ p , m ≤ n and apm = −3
The above defining relations of t(g) can be written in terms of
power series as follows.
(1) [a0(z), a0(w)] =
1
r
a00
∑r−1
j=0 ∂wδ(z − ω− jw) 6 c
(2) [a0(z), a j(w)] = a0 j
∑r−1
j=0 ∂wδ(z −ω− jw) 6 c
where 1 ≤ j ≤ n.
(3) [ai(z), a j(w)] =

rai j∂wδ(z − w) 6 c (A2n−1)
rai j
∑r−1
j=0 ∂wδ(z − ω− jw) 6 c (Dn+1)
ai j
∑r−1
j=0 ∂wδ(z − ω− jw) 6 c (D4)
where 1 ≤ i ≤ j ≤ n and (i, j) , (n − 1, n), (n, n).
(4) [an−1(z), an(w)] =
{
an−1,n
∑r−1
j=0 ∂wδ(z −ω− jw) 6 c (A2n−1,D4)
ran−1,n
∑r−1
j=0 ∂wδ(z − ω− jw) 6 c (Dn+1)
(5) [an(z), an(w)] =
{
rann
∑r−1
j=0 ∂wδ(z − ω− jw) 6 c (A2n−1,D4)
rann∂wδ(z − w) 6 c (Dn+1)
(6) [a0(z),X(±a j,w)] = ± 1ra0 jX(±a j,w)
∑r−1
j=0 δ(z − ω− jw)
where 0 ≤ j ≤ n.
(7) [ai(z),X(±a0,w)] = ±ai0X(±a0,w)
∑r−1
j=0 δ(z − ω− jw)
where 1 ≤ i ≤ n.
(8) [ai(z),X(±a j,w)] =
{±ai jX(±a j,w)δ(z − w) (A2n−1,D4)
±ai jX(±a j,w)
∑r−1
j=0 δ(z − ω− jw) (Dn+1)
where 1 ≤ i, j ≤ n and (i, j) , (n − 1, n), (n, n − 1), (n, n).
(9) [an−1(z),X(±an,w)] =
{± 1
r
an−1,nX(±an,w)
∑r−1
j=0 δ(z − ω− jw) (A2n−1,D4)
±an−1,nX(±an,w)
∑r−1
j=0 δ(z − ω− jw) (Dn+1)
(10) [an(z),X(±an−1,w)] =
{±an,n−1X(±an−1,w)∑r−1j=0 δ(z − ω− jw) (A2n−1,D4)
± 1
r
an,n−1X(±an−1,w)
∑r−1
j=0 δ(z −ω− jw) (Dn+1)
(11) [an(z),X(±an,w)] =
{±annX(±an,w)∑r−1j=0 δ(z − ω− jw) (A2n−1,D4)
±annX(±an,w)δ(z − w) (Dn+1)
(12) [X(±ai, z),X(±ai,w)] = 0
where 0 ≤ i ≤ n.
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(13) [X(ai, z),X(−a j,w)] =
−δi, j
{
(1 − 1
2
δi,0)ai(w)
(
δ(z − w) + (δi,0 + δi,n)δ(z + w)
)
+
(2 − 3
2
δi,0)
(
∂wδ(z −w) + (δi,0 + δi,n)∂wδ(z + w)
)
6 c
}
(A2n−1)
−δi, j
{
(1 − 1
2
δi,0)ai(w)
(
δ(z − w) + (1 − δi,n)δ(z + w)
)
+
(2 − 3
2
δi,0)
(
∂wδ(z −w) + (1 − δi,n)∂wδ(z + w)
)
6 c
}
(Dn+1)
−δi, j
{
(1 − 2
3
δi,0)ai(w)
(
δ(z − w) + δ(z − ω−1w) + δ(z − ω−2w)
− δi,1(δ(z −ω−1w) + δ(z −ω−2w))
)
+
(3 − 8
3
δi,0)
(
∂wδ(z −w) + ∂wδ(z − ω−1w) + ∂wδ(z − ω−2w)
− δi,1(∂wδ(z − ω−1w) + ∂wδ(z − ω−2w))
)
6 c
}
(D4)
where 0 ≤ i, j ≤ n.
(14) adX(±ap, z2)X(±am, z1) = 0 for 0 ≤ p , m ≤ n and apm = 0
(15) adX(±ap, z3)adX(±ap, z2)X(±am, z1) = 0 for 0 ≤ p , m ≤ n and
apm = −1
(16) adX(±ap, z4)adX(±ap, z3)adX(±ap, z2)X(±am, z1) = 0 for 0 ≤ p ,
m ≤ n and apm = −2
(17) adX(±ap, z5)adX(±ap, z4)adX(±ap, z3)adX(±ap, z2)X(±am, z1) = 0
for 0 ≤ p , m ≤ n and apm = −3
By definition of L(g, σ) and t(g) it is clear that π(t(g)) ⊆ L(g, σ).
Hence π¯ = π|t(g) : t(g) −→ L(g, σ). Explicitly the map π¯ is given by:
6 c 7→ 0,
a0(k) 7→ h′0 ⊗ sk
ai(k) 7→
∑r−1
j=0 σ
j(h′
i
) ⊗ (ω− js)k
X(a0, k) 7→ e′0 ⊗ skt
X(−a0, k) 7→ − f ′0 ⊗ skt−1
X(ai, k) 7→
∑r−1
j=0 σ
j(e′
i
) ⊗ (ω− js)k
X(−ai, k) 7→
∑r−1
j=0 σ
j( f ′
i
) ⊗ (ω− js)k
for 1 ≤ i ≤ n. The following theorem which is the main result of this
paper shows that t(g) gives a realization of the twisted toroidal Lie
algebra T(g).
Theorem 3.1. The map π¯ is a surjective homomorphism, the kernel of
π¯ is contained in the center Z(t(g)) and (t(g), π¯) is the universal central
extension of L(g, σ).
Proof. Using [K, Proposition 8.3], it follows that the map π¯ is sur-
jective. By Theorem 2.1, we have ker(π) ⊆ Z(t′(g)). Hence ker(π¯) =
ker(π) ∩ t(g) ⊆ Z(t′(g)) ∩ t(g) = Z(t(g)). Therefore, (t(g), π¯) is a central
extension of L(g, σ). It is left to show that (t(g), π¯) is the universal
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central extension of L(g, σ). Suppose (V, γ) is a central extension of
L(g, σ). Since (T(g), η) is the universal central extension of L(g, σ), we
have a unique map λ : T(g) → V such that γλ = η. Define the map
ψ : t(g)→ T(g) by:
(3.4)

6 c 7→ s−1ds
a0(k) 7→ h′0 ⊗ sk + skt−1dt
ai(k) 7→
∑r−1
j=0 σ
j(h′
i
) ⊗ (ω− js)k
X(a0, k) 7→ e′0 ⊗ skt
X(−a0, k) 7→ − f ′0 ⊗ skt−1
X(ai, k) 7→
∑r−1
j=0 σ
j(e′
i
) ⊗ (ω− js)k
X(−ai, k) 7→ −
∑r−1
j=0 σ
j( f ′
i
) ⊗ (ω− js)k
for 1 ≤ i ≤ n. Note that the map ψ and π¯ differ only on 6 c and a0(k) by
elements of K . Hence ηψ = π¯. Since π¯ is a homomorphism, to show
that ψ is a homomorphism it suffices to show that ψ preserves the
defining relations involving a0(k) by direct calculations. For example,
using (2.2) when g = A2n−1 or Dn+1 we have:[
ψ
(
a0(k)
)
, ψ
(
a j(l)
)]
=
[
h′0 ⊗ sk + skt−1dt, h′j ⊗ sl + σ(h′j) ⊗ (−s)l
]
= (h′0|h′j)sldsk + (h′0|σ(h′j))sldsk(−1)l = ra0 jkδk,−lψ(6 c)
since for g = A2n−1, (h′0|h′j) = (h′0|σ(h′j)) = −δ j,1 = a0 j and for g = Dn+1,
(h′0|h′j) = (h′0|σ(h′j)) = −δ j,2 = a0 j.
Similarly, when g = D4 using (2.2) we have:[
ψ
(
a0(k)
)
, ψ
(
a j(l)
)]
=
[
h′0 ⊗ sk + skt−1dt, h′j ⊗ sl + σ(h′j) ⊗ (ω−1s)l + σ2(h′j) ⊗ (ω−2s)l
]
=
(
(h′0|h′j) + (h′0|σ(h′j))(ω−1)k+l + (h′0|σ2(h′j))(ω−2)k+l
)
sldsk
= a0 j
(
1 + (ω−1)k+l + (ω−2)k+l
)
sldsk = ra0 jkδk,−lψ(6 c),
since k ∈ 3Z and (h′0|h′j) = (h′0|σ(h′j)) = (h′0|σ2(h′j)) = −δ j,2 = a0 j.
Thuswehave ahomomorphismλψ : t(g) −→ V andγλψ = ηψ = π¯
giving the following commuting diagram:
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T(g)
t(g)
V
L(g, σ)
λ
η
γ
ψ
π¯
Since T(g) is the universal central extension of L(g, σ), the lower
triangle commutes which implies that the map ψ is unique.

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